We consider algebraic affine and projective curves of Edwards [4, 7] over a finite field F p n . Most cryptosystems of the modern cryptography [17] can be naturally transform into elliptic curves [6] . We research Edwards algebraic curves over a finite field, which at the present time is one of the most promising supports of sets of points that are used for fast group operations [1] . New method of counting Edwards curve order over finite field was constructed. It can be applied to order of elliptic curve due to birational equivalence between elliptic curve and Edwards curve.
Introduction
The embedding degree of the supersingular curve of Edwards over F p n in a finite field is investigated, the field characteristic where this degree is minimal is found. The criterion of supersungularity of the Edwards curves is found over F p n . Also the counting points on Edwards and elliptic curves over finite fields method is proposed by us that is the actual problem [13] . We consider algebraic affine and projective curves of Edwards over a finite field. We find not only a specific set of coefficients with corresponding field characteristics, for which these curves are supersingular but also a general formula by which one can determine whether a curve is supersingular over this field or not. The embedding conditions of a group of supersingular curve E d [F p ] in a field F p k [21] with minimal degree k of extention were found.
Main result
The twisted Edwards curve with coefficients a and d is the curve E a,d : ax 2 + y 2 = 1 + dx 2 y 2 , a, d ∈ F p * , where ad(a − d) = 0, d = 1, p = 2, a = d. An Edwards curve is a twisted Edwards curve with a = 1. We will denote by E d Edwards curve x 2 + y 2 = 1 + dx 2 y 2 , d ∈ F p * , over F p . Special points are (infinitely distant points) (1, 0, 0) and (0, 1, 0), therefore, we have singularities at infinity in the corresponding affine components A 1 : az 2 + y 2 z 2 = z 4 + dy 2 and A 2 : ax 2 z 2 + z 2 = z 4 + dx 2 . We describe the structure of the local ring at the point p 1 , its elements are fractions of the functions of the form F (x, y, z) = f (x,y,z)
g(x,y,z) , whose denominators do not get value of 0 at the singular point p 1 . A local ring having singularity in 2-points has functions in which the denominators are not divisible by (x − 1)(y − 1). We find δ p = dimŌ p / Op , where O p -the local ring at a singular point p, this ring is generated by the relations of regular functions O p = f g : (g, (x − 1)(y − 1)) = 1 ,Ō p -the whole closure of the local ring at a singular point p. Denote δ p = dimŌ p / Op = 1 the dimension of the factor as vector space. Since the basis of extensionŌ p over O p consists of one element in each of two distinct points, then δ p = 1. So, we calculate the genus of curve according to Fulton [5] 
where ρ α (C) -the arithmetic type of the curve C, parameter n = degC = 4. All supersingular points were discovered in work of author [10] . Since it is of genus 1, then it is isomorphic to a flat cubic curve but is not elliptic, because it has singularity in the projective part. The curve of Edwards as the twisted curve of Edwards isomorphic to some affine part of the elliptic curve. Normalization of the Edwards curve is a curve in the form of Weiershtras proposed by Montgomery E M [1] . In order to detect supersingular curves, according to Koblitsa's study [6, 5] , one can use the search of the curve when it has the same number of points with its torsion curve. As well known for Edwards curve the transition to the torsion curve is determined by the reflection (x,ȳ) → (x, y) = x,
. Let us denote by N E d the number of points of affine Edwards curve over finite field F p . The following statement is criterion of the curve supersingelarity. Remind Lemma about sum of powers [14] .
We call the order of curve the number of affine points with a neutral element, where group operation is well defined. As well known order of x 2 + y 2 = 1 + dx 2 y 2 coincides with order of the curve x 2 + y 2 = 1 + d −1 x 2 y 2 over F p .
Theorem 2.1 If p ≡ 3 (mod 4), p is a prime number and
, then the orders of the curves x 2 + y 2 = 1 + dx 2 y 2 and
and
Proof Consider the curve E d :
For analysis we transform it in form
this curve has N d solutions, that is on ( We show that the number of solutions of the equation y 2 = (x 2 −1)(dx 2 − 1), N d is comparable to −a 2p−2 − a p−1 modp, where a 2p−2 , a p−1 are the coefficients of the polynomial (x 2 − 1)
= a 0 + a 1 x + ... + a 2p−2 x 2p−2 after opening the brackets and applying Lemma 2.1 about sum of powers [14] by modulus p.
Thus, summing up by all x, we have
. So, using Lemma 2.1 we have
We need to prove that
. It follows from (2), if we prove that a p−1 ≡ 0( mod p). Let us determine a p−1 according to Newton's binomial formula a p−1 equal to the coefficient at x p−1 of polynomial which obtained as a prod-
and equals to a p−1 = (−1)
Actually the following equality holds:
Applying these equality (
2 to multipliers in previous parentheses we obtain [(
Thus, in result of squaring, we have:
(4) For a fixed x quantity of an equation solutions y 2 = (x 2 −1)(dx 2 −1)modp is congruent to the sum 1+((
mod p by x from 0 to p−1. Thus, we have
Consequantly, in case if p ≡ 3 (mod 4), p is a prime number and
) affine points and a points group of curve completed by singular points has p + 1 points.
It remains to prove that
. In general, for the case of arbitrary d ∈ F * p thinking the same way would get that with p ≡ 3(mod4) E d is supersingular if i only if the relationship is fulfilled
Consider the complementary polynomial P (t) = (
Using (4) it can be shown that a p−1 = P (t) = (
-ith derivative by t, where t is new variable but not a coordinate of curve. Notice, that Q(t) =
) . Let θ = t − 1 and R(θ) = P (t). For the case t + 1 = 2 we obtain θ = 1, because θ = t − 1. This substitution lead the polynomial P (t) of 2 to polynomial R(t − 1) of 1, viz P (t + 1) = R(t), it is useful for derivation so we consider R(t) as P (θ − 1) which depend of θ, θ = t − 1. Taking into account lineryal of substitution θ = t − 1, we see that derivation by θ and t coincides. Derivation lead us to transformation of polynomial R(θ) to the such form where it is obviously necessary coefficient a p−1 . Then
Note, that (
2 ). Therefore, the symmetrical terms in (6) cancel. It yields that a p−1 ≡ 0(modp). We use that (−1) 
, this completes the proof of the main part of the theorem.
To make an estimation of number of affine points without reduction by modulo p we estimate number of points N d on curve (2) . Let N d -number of solutions of equation y 2 = (x 2 − 1)(dx 2 − 1) over the field F p Note, that for x = 1 and x = −1 right side is equal to 0. Hence,
Because (in case a p−1 ≡ 0(modp)) we have Recall that the Montgomery curve with coefficients A and B is the curve
Theorem 2.2 If n ≡ 1(mod2), p is prime and
then over the finite field F p n the orders of the curves E d and
The corresponded birationally isomorphic Montgomery curve has N M = p n points in this case.
Proof Consider the expansion of the base field to F pn , and then we obtain the number of the points of the above curve x 2 + y 2 = 1 + dx 2 y 2 . For this we take into account the fact that the number the solutions over F p n of the equation y 2 = P (x), where P (x) is a polynomial of degree m > 2 with coefficients from F p , over F p n , has the form p n + ω n 1 + ... + ω n m−1 , where ω 1 , ..., ω m−1 ∈ C depend only on x (and do not depend on n) [18] .
Since supersingularity of x 2 + y 2 = 1 + dx 2 y 2 is equivalent to that elliptic curve in presentation of Montgomery v 2 = (d − 1)u 3 + 2(d + 1)u 2 + (d − 1)u [20] has exactly p affine points, we can apply this result for the case m = 3. According to this result we obtain that number of solutions of v 2 = (d − 1)u 3 + 2(d + 1)u 2 + (d − 1)u over F p n is determined by the expression
We should to show that for odd powers k of F p k order of Montgomery curve E M group is such N M = p k .
Order N M of E M over F p k can be evaluated due to Theorem [18] of Stepanov an Deline: N M = p k +ω k 1 +ω k 2 , where ω k i ∈ C and ω k 1 = −ω k 2 , |ω i | = √ p, i ∈ 1, 2. Therefore for k ≡ 1mod2 the order of Montgomery curve is
According to it the number of points which are solutions of v 2 = (d − 1)u 3 +2(d+1)u 2 +(d−1)u over F p n is determined by expression p n +ω n 1 +ω n 2 . Since, for n = 1 there are p points, because we have ω 1 +ω 2 = 0. For the finite algebraic extension of degree n we have p n + ω n 1 + ω n 2 = p n , if n ≡ 1(mod2). Number of points in image of E M under a mapping of
, because the formula of mapping y = (u − 1)/(u + 1) maps 2 points 2 order 4, of E M , which have coordinate u = −1 on infinity, but not in affine points [1] . Thus, we have N d = p k − 2 over F P k . Consequently image of E M on Edwards curve depends of ( 
Also full group of E d can contain 4 singular points, which is not affine points.
Example 2.1 For instance the elliptic curve in presentation of Montgomery E M : v 2 = u 3 + 6u 2 + u is birationally equivalent [1] to the curve x 2 + y 2 = 1 + 2x 2 y 2 over F p k . Corolarry 2.1 If n ≡ 0(mod2), p is prime and
Proof We denote by N M,n the order of E M over F p n . The order N M,n of E M over F p n can be evaluated due to Theorem [15] of Deline: N M,n = p n + ω n 1 + ω n 2 , where ω n i ∈ C and ω n 1 = −ω n 2 , |ω i | = √ p, i ∈ 1, 2. For the finite algebraic extension of degree n we have p n +ω n 1 +ω n 2 = p n , if n ≡ 1(mod2). Therefore for n ≡ 1mod2 the order of Montgomery curve is such N M = p n .
For an elliptic curve we have ω 1 =ω 2 [6] , therefore ω 1 + ω 2 = 0. For case k = 1 we have N M = p. Thus for odd k we obtain ω n 1 + ω n 2 = 0, so N M,n = p n . In case when n is even, then N M,n = p n + 2(−p) Proof The singular points were discovered by author in [10] , so the group order is p + 1. (C
points over F p and it is boundary-equivalent [5] to the curve with p + 1 points over F p . 
Proof
This result follows from the number of solutions of the equation y 2 = (dx 2 − 1)(x 2 − 1) over F p which equals to
The quantity of solutions for x 2 +y 2 = 1+dx 2 y 2 differs from the quantity of y 2 = (dx 2 − 1)(x 2 − 1) by ( 
According to Lemma 1 the last sum (
is congruent to −a p−1 − a 2p−2 (mod p), where a i are the coefficients from presentation
Last presentation was obtained due to transformation (x 2 − 1)
2 . According to Newton's binomial formula a p−1 equal to the coefficient at x p−1 in the product of two brackets and when substituting it d instead of 2 is such (−1)
that is, it has the form of the polynomial with inverse order of coefficients.
Indeed, we have equality
In form of a sum it is the following
If
then as it is was shown by the author in [10] this curve is supersingular and the number of solutions of the y 2 = (dx 2 − 1)(x 2 − 1) over F p equals to
and differs from the quantity of solutions of x 2 +y 2 = 1+dx 2 y 2 by ( 
Example 2.3 Number of curve points for d = 2 and p = 31 equals
Theorem 2.4 The order of projective Edwards curve over F p is equal to
By order of projective curve we mean number of projective points. We add 2 infinity distant points (1; 0; 0) and (0; 1; 0) which were investigated by us above. Thus, order of full group of projective curve (which contains singular points too) over F p is p + 1 + 2 = p + 3. 
Proof Let the curve be defined by x 2 + y 2 = 1 + dx 2 y 2 (modp), then we can express y 2 in such way:
For x 2 + y 2 = 1 + d −1 x 2 y 2 (modp) we could obtain that gives 1 solutions of (8) . Consider the set x ∈ {1, 2, ...., p − 1} we obtain that the total amount of solutions of form (x −1 0 , y 0 ) that represent point of (1) and pairs of form (x 0 , y 0 ) that represent point of curve (8) is 2p − 2. Also we have two solutions of (1) of form (0, 1) and (0, −1) and two solutions of (8) that has form (0, 1) and (0, −1).
The proof is fully completed.
Example 2.4 Number of points on
Example 2.5 Number of points of E d over F p , where p = 13, d = 2 is N E (2) = 8 and in case p = 13, d −1 = 7 we have number of points of E 7 is N E (7) = 20, thus we have the sum of orders of these curve which is equal to 28 = 2 · 13 + 2 which confirms our theorem. The set of points over 
Definition 2.1
We call the embedding degree a minimal power k of a finite field extension such degree k that group of curve can embedded in multiplicative group of F p k .
Let us obtain conditions of embedding [21] the group of supersingular curve E d [F p ] of order q in multiplicative group of field F p k with embedding degree k = 12 [21] . For this goal we use Zigmondy theorem. This Theorem implies that suitable characteristic of field F p is an arbitrary prime q, which do not divide 12 and satisfy the condition q |P 12 (p) , where P 12 (x) is the cyclotomic polynomial. This p will satisfy the necessary conditions namely (x n − 1) . . .p for an arbitrary n = 1, ..., 11.
Proposition 2.2
The degree of embedding of the group of a super-singular curve E d is 2.
Indeed, the order of the group of a super-singular curve E 1,d is equal p k + 1 this number divides p 2k −1 and does not divide expressions p 2l −1, l < k with smaller values l due to the decomposition of the expression p 2k − 1 = (p k − 1)(p k + 1). Therefore, according to the definition, the degree of immersion is 2. End of proof.
Conclusion
The new method order curve counting was founded for Edwards and elliptic curves. Criterium of supersingularity was obtained by us.
